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UNIFORM SUBSEQUENTIAL ESTIMATES ON WEAKLY NULL SEQUENCES
M. BRIXEY, R.M. CAUSEY, AND P. FRANKART

ABSTRACT. We provide a generalization of two results of Knaust and Odell from [9] and [10]. We
prove that if X is a Banach space and (g,,)

oo

o, is a right dominant Schauder basis such that every

normalized, weakly null sequence in X admits a subsequence dominated by a subsequence of (g, )22 ;,
then there exists a constant C' such that every normalized, weakly null sequence in X admits a
subsequence C-dominated by a subsequence of (g,)32 ;. We also prove that if every spreading
model generated by a normalized, weakly null sequence in X is dominated by some spreading model
generated by a subsequence of (g,,)52 ;, then there exists C' such that every spreading model generated
by a normalized, weakly null sequence in X is C-dominated by every spreading model generated

o0

by a subsequence of (¢,)32 ;. We also prove a single, ordinal-quantified result which unifies and

interpolates between these two results.

1. INTRODUCTION

The Principle of Uniform Boundedness is one of the cornerstone theorems of Banach space the-
ory. When they are available, uniform estimates are highly desirable. In certain situations, the
prototypical example of which is the Principle of Uniform Boundedness, a certain, non-uniform
bound automatically implies a uniform one. Several instances of such a phenomenon have appeared
([9, IO, [7]), in which the estimates take the form of domination of subsequences of normalized,
weakly null sequences by a fixed basis Let us recall that for sequences (e,,)5, (f.)22; in possibly
different Banach spaces, we say that (f,,)52, C-dominates (e,):>, if for any finitely supported scalar

00 S
1D " aneall < CID - antall.
n=1 n=1

We say that (f,)>, dominates (e,)5% if (f,)>2, C-dominates (e,)5°, for some C.

The following result was shown for ¢q in [9] and for ¢, 1 < p < oo, in [10].

sequence (a,)>,,

Theorem 1.1. Fiz 1 < p < oco. If X is a Banach space in which every normalized, weakly null
sequence admits a subsequence dominated by the €, basis, then there exists a constant C' such that
every normalized, weakly null sequence in X has a subsequence C-dominated by the £, basis. The
analogous result holds if £, is replaced by cy.

Freeman gave the following generalization.

Theorem 1.2. If (v,)%, is any seminormalized Schauder basis and X is some Banach space such
that every normalized, weakly null sequence in X admits a subsequence dominated by (v,)S%,, then
there exists a constant C' such that every normalized, weakly null sequence in X admits a subsequence
C-dominated by (v,)>2

n=1"
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We recall that a Schauder basis (g,)22 , is right dominant if for any two sequences m; < my < ...,
[ <ly < ...of positive integers such that m, <1, for alln € N, (g,,,)22, is dominated by (g, )2 ;.
For 1 < r < oo, we say (¢,)5%, is r-right dominant if for any two sequences m; < mg < ...,
Iy < ly < ... of positive integers such that m, < [, for all n € N, (g,)52, is r-dominated
by (g1,)22,. A standard gliding hump argument implies that a right dominant basis is r-right
dominant for some 1 < r < 00.

For a fixed seminormalized Schauder basis (v,)2,, and C' > 0, we say a Banach space X has

property U,y = (resp. C-Ug,,)= ) if every weakly null sequence in By has a subsequence domi-

1
nated (resp. C-dominated) by (v,,)> ;. Then Freeman’s theorem can be summarized as saying that
a Banach space has U, )  if and only if it has C-Uj,,)=  for some C' > 0. We wish to consider the
following property, which for a fixed basis is weaker than that studied by Freeman. Given a fixed

seminormalized, right dominant Schauder basis (g,)%2, a Banach space X, and C' > 0, we say X

o

has Sy, ) (resp. C-S(y,)= ) if every weakly null sequence in Bx admits a subsequence dominated
ne1- 1t is easy to see that C-Uy,)=

° = C‘S(gn);:‘;l
. = S(g.)=,- The first part of this paper is devoted to proving an analogue of Freeman’s

(resp. C-dominated) by a subsequence of (g,)
and U, (gn)22

n=

theorem regarding the properties Sy,

n=

cand C-5(y, ) in place of Uy, ) and C-U, )= , and an
ordinal generalization thereof. We devote the final section of this paper to examples which show
that the reverse implications do not hold. That is, Sy, = 7 Uy, . More generally, we give
examples of 1-right dominant bases (g,);2; and Banach spaces X such that X has S(,,)~ , but if
X has Ug,)= , then (v,)p2; must be equivalent to the /; basis.

We will find it convenient to work in more generality than with normalized, weakly null sequences.
Throughout, given a Banach space X, we will deal with a (not necessarily closed) subspace R of
(oo (X) such that coo(X) C R and R is endowed with some norm || - || g such that, with B denoting
the unit ball of R with respect to the norm || - ||g,

(i) (R, || - ||r) is a Banach space,

(ii) any subsequence of a member of Bg is a member of Bp,
(ili) Br C Br,(x)-
We will call such a space (R, || - ||r) a subsequential space on X.

Our main result is the following.

Theorem 1.3. Let (g,,)2, be a seminormalized, right dominant Schauder basis. Let X be a Banach
space and let (R, || - ||r) be a subsequential space on X. If every member of R admits a subsequence
dominated by a subsequence of (g,)>,, then there exists C' > 0 such that every member of Bpg
admits a subsequence C-dominated by a subsequence of (gn)5> ;.

If we let R = cff(X), the space of weakly null sequences in X, and || - ||z = || - [[e..(x), then by
homogeneity, Theorem [L.3 implies the following.

Corollary 1.4. Let (g,)5>, be a seminormalized, right dominant Schauder basis. If every nor-
malized, weakly null sequence in X has a subsequence dominated by a subsequence of (g,)52,, then
there exists C' > 0 such that every normalized, weakly null sequence in X admits a subsequence
C-dominated by a subsequence of (g,)>2 ;.

Knaust and Odell also gave a proof of the following theorem in [10].
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Theorem 1.5. Let X be a Banach space in which every spreading model generated by a normalized,
weakly null sequence in X is dominated by the canonical ¢, basis. Then there exists C' such that
every spreading model generated by a normalized, weakly null sequence in X is C'-dominated by the
¢, basis.

We provide the following generalization.

Theorem 1.6. Let (g,)0, be a seminormalized, right dominant basis. Let X be a Banach space
and let (R, | - ||r) be a subsequential space on X. If every spreading model generated by a member
of R is dominated by a spreading model generated by a subsequence of (g,)>,, then there exists a
constant C' such that every spreading model generated by a member of Bgr is C'-dominated by every
spreading model generated by a subsequence of (g,)52 .

Resembling one of the proofs of the Principle of Uniform Boundedness, the proofs of Theo-
rem [LI] by Knaust and Odell and Theorem of Freeman, are obtained by assuming the se-
quence/subseqeuence hypothesis holds, but not uniformly. Then one obtains an array (xﬁ);’okzl
such that for each k, (%), is a normalized, weakly null sequence which is Cj-dominated by
(vn)5, (where (v,,)52, is the canonical basis of £, or ¢g in [10], and is an arbitrary seminormalized
Schauder basis in [7]), but such that row & is not dominated by (v,)2°, with any constant better
than Dj. Then one combines the sequences with absolutely converging weights wy. One has to know

that the combined sequence does not admit any subsequence dominated by (v,)22 ;. Of course, this

is done by showing that since for an arbitrary k, (z¥)>°, is not Dj-dominated by (v,),, then a
careful choice of Dy, Cy, and wy, the combined sequence is not f(Dy)-dominated by (v,)5°;, where

f is some function such that lim,_,, f(z) = oo. The difficulty is knowing the badness of (z¥)> | is
not canceled out by ()%, for [ # k in the process of combining the rows of this array.

In the proof of Theorem [[Hin [10], there exist integers k; < ky < ... such that the badness of row
n is witnessed by a linear combination of k,, vectors. Then one can use the triangle inequality to
uniformly control all linear combinations of at most k&, vectors on each row. Our proof of Theorem
and will follow from a single result (Theorem [BI) which interpolates therebetween, and
is a transfinite version of the proof of Theorem This yields a unified approach to the two
distinct Theorems [T by quantifying using possibly infinite ordinals the complexity of linear
combinations required to witness the non-uniformity of domination of subsequenes of members of
Br by subsequences of (g,)22 ;. Theorem is the £ = w; case and Theorem is the { = w case
of Theorem B.Il In Section 4, we discuss the distinction between the two extreme cases and the
intermediate values of &.

Theorem [[.T] and Theorem were shown by first proving the result for C(K) spaces where
K is a countable, compact, Hausdorff space, and then proving the result in the general case by
transporting the problem from a general X into such a C(K) space. Our approach avoids some
of the technical difficulties incurred by transporting to an appropriate C'(K) space, and provides
further, quantitative information not contained in those proofs. More precisely, if the conclusion of
Theorem [I.3] does not hold, one can produce a quantified measure of how the upper estimates tend
to infinity on sets of prescribed complexity.

We note that neither of Theorems and implies the other. Our method of proof, however,
can be adapted to provide an alternative proof of Theorem The final section of the paper
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compares Theorem [[3] to Theorem [[L2] exhibiting many triples X, R, (g,)32; which satisfy the
hypotheses of Theorem [[.3] but such that if X, R, (v,)5, satisfy the hypotheses of Freeman’s
theorem, then (v,)32; is equivalent to the canonical ¢; basis. Thus we show that our Theorem [[3]
is genuinely distinct from Freeman’s theorem.

2. PRELIMINARIES

Throughout, let R be as described in the introduction. That is, coo(X) C R C loo(X), (R, || - ||r)
is a Banach space, Bg C By (x), and any subsequence of a member of By is also a member of Bp.

Let us point out that for Theorems [[.3] and [L.6] and for the later Theorem [3.1] it is sufficient to
prove the theorem for a basis equivalent to (g,)° ;. Therefore we can and do assume that (g,)%
is normalized and bimonotone. Also, since right dominance implies r-right dominance for some
1 <7< oo, wewill fix 1 <r < oo and assume throughout that (g,)2; is normalized, bimonotone,
and r-right dominant.

In this work, we identify subsets of N with strictly increasing sequences in the usual way. We
let [N]<“ (resp. [N]) denote the finite (resp. infinite) subsets of N. For M € [N], we let [M]<*
(resp. [M]) denote the set of finite (resp. infinite) subsets of M. Given £ C N and n € N, we write
n < E (resp. n < E) to mean that n < min £ (resp. n < min E). We agree to the convention that
min & = oo, so n < @ holds for any n € N.

Given M € [N], we let M(n) denote the n'* smallest member of M. If F € [N]<¥, then for
n < |F|, we let F(n) denote the n'" smallest member of F, so F' = (F(n))‘,ﬂ1 Given M € [N] and
F CN,welet M(F)=(M(n):n e F). Given a collection F of subsets of N and a subset M of N,
we let F [ M denote the subset of F consisting of those members of F which are subsets of M.

Given a set A, we let A<¥ denote the set of finite sequences of members of A. We say T' C A<¥
is a tree provided that if t € T and s is an initial segment of ¢, then s € T. In particular, any
non-empty tree includes the empty sequence, @. Given a tree T', we let M AX(T') denote the set of
maximal members of T" with respect to initial segment ordering. We then define the derived tree
T of T by T" =T\ MAX(T), and note that 7" is also a tree. We define by transfinite induction
the derived trees

T° =T,
T = (1Y,

and if £ is a limit ordinal,
T¢ = 1°
¢<g
If there exists an ordinal ¢ such that T¢ = &, then we say T is well-founded and define rank(T)
to be the minimum ordinal ¢ such that T¢ = @. If for all £, T¢ # &, then we say T is ill-founded.
We have the following standard result regarding trees on countable sets A. The statement and its
proof are well-known, so we omit them.

Theorem 2.1. If A is a countable set and T C A<% is a tree, then either T is ill-founded or rank(T)
is countable. Furthermore, T is ill-founded if and only if there exists a sequence (A\,)>2, C A such
that (\,)t_, € T for allt € N.
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Given (my)f_1, (1,)E_; € [N]<, we say (1,)%_; is a spread of (m,)!,_, if m,, <1, forall 1 <n <t

We say a subset F of [N]<“ is spreading if it contains all spreads of its members. We say a subset F
of [N]<¥ is hereditary if it contains all subsets of its members. We collect the following standard facts
about the Schreier and fine Schreier families, which can be found, for example, in [3, Propositions
3.1, 3.2]. We note that our identification of subsets of N with increasing sequences, we may view a
hereditary set F C [N]<“ as a tree on N and consider its rank.

We will need the following dichotomy, shown in [8].

Theorem 2.2. If F,G C [N|<¥ are hereditary, then for any L € [N|, there exists M € [L] such that
either F | M C G orG | M C F.

We recall the fine Schreier families (F¢)e<y,. We let
Fo={a},
Feu = {2} Uln) ~Fin< Fe R},
and if £ < wy is a limit ordinal, we fix &, T £ and define
Fe={F:3In< FeF,}
We also recall the Schreier families (Se)e<w,. We let

S()Zfla

t
S ={UF t<R<..<F,0#F €&}
n=1
and if € is a limit ordinal, we fix &, 1 £ and let
Se={F:In<Fes,}.

Proposition 2.3. (i) For every £ < wy, rank(F¢) = £ + 1 and rank(S¢) = w® + 1.
(it) Fe and S¢ are hereditary and spreading.
(11i) The families Fe, £ < wy, have the almost monotone property. That is, for each ¢ < & < wy,
there ewists | € N such that | < F' € F¢ implies F' € F¢.

For convenience, we let F,,, = [N]<“. Of course, F,, is hereditary, spreading and contains each
fg, 5 < W1.

3. PROOF OF MAIN THEOREM

Throughout this section, 1 < r < oo is fixed and (g,)5, is a fixed, normalized, bimonotone, r-
right dominant Schauder basis. The Banach space X is fixed and (R, || - ||g) is a fixed subsequential
space on X. We recall the definition of subsequential space:

(1) coo(X) C R C l(X),

(ii) (R, ] - |lr) is a Banach space,
(iii) any subsequence of a member of By is a member of Bp,
(iV) Bgr C BEOO(X)-
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t

1, (yn)t_q in (possibly different) Banach spaces, we write

For t € NU {c0} and sequences (x,)
()1 <o (Yn)hey if

t t
1~ anzall < CID - anyall
n=1 n=1

for all finitely supported scalar sequences (a,),_,. Of course, if (x,)!_; <¢c, (yn)iey <oy (2n)

then (2,)!_; <croy (2n)h—1-

Given a sequence 9 = (z,)5; € R and 0 < C' < o0, let

t
n:l?

T(0,C) = {@}{(mn, 1) _; € (NxN)<“: (2, ), <o (g1)p,mn < ..o <my, and [} < ... <[}

For p € R and an ordinal ¢ < wq, we let I'(£, p) denote the infimum of C' > 0 such that there

exist M, L € [N] such that
{(M(F),L(F)) : F € Fe} CT(0,C)
if such a C exists, and I'(¢, 9) = oo if no such C' exists. We define
I'(§) = sup I'(€, o).
0€BR

We observe that for the & = w; case, since F,, = [N|<¥, I'(wy, o) is simply the infimum of C' > 0
such that ¢ admits a subsequence C-dominated by a subsequence of (g,)2, if such a C' exists,
and ['(wy, 0) = oo otherwise. Similarly, I'(wy) is the infimum of constants C, if any such a C
exist, such that every member of Bg has a subsequence C-dominated by a subsequence of (g,,)5 .
Therefore one can restate Theorem [L3lin the equivalent way: If I'(wy, 0) < oo for every ¢ € R, then
[wy) < o0.

We now state our interpolation between Theorems and [£.3] from which we will deduce both
theorems as natural consequences. The statement of the theorem invites direct comparison with
the Principle of Uniform Boundedness.

Theorem 3.1. Fix ( <w;. IfT((,0) < oo for each o € R, then T'({) < oc.

Remark 3.2. Note that if I'(§) < C, then for any K € [N] and p € B, there exist M € [K] and
L € |N] such that

{(M(F), L(F)) : F € Fe} € T(0,C).
That is, the definition of I'(£) yields that there exists such a set M which is a subset of N, but our
hypotheses yield that, once K € [N] is fixed, M can be taken to be a subset of K. To see this, note
that if o = (2,)52,, then the subsequence ¢ = (y,,)7%, = (Txm))ne1 € Br by the properties of R.

n:17

From this and the definition of I'(§), it follows that there exist N, L € [N] such that
{(N(F),L(F)): FeF}CT(,C).
Now if M(n) = K(N(n)) for all n € N, then M € [K] and for each F' € Fr,
(Tr(n) )ner = (Tr(N@) Iner = (YUN®))ner <c (9Lm))ner;
since (N(F'), L(F)) € T(s,C). Therefore
{(M(F), L(F)) - F € Fe} CT(0,C).

Lemma 3.3. (i) Forany o € R and ¢ <& <wy, ['((,0) < T(& 0). Consequently, I'(¢) < I'(¢).
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(i4) For any limit ordinal § < wy, T'(§) < rsup. '(().
(iii) T'(0) = 0.
(i) For any ¢, & <w, I(C+ &) <r(I(¢) +T(g)).

Proof. We will show several inequalities in the proof. If the majorizing quantity is infinite in any of
these inequalities, the inequality holds trivially. Therefore we omit this trivial case in each inequality
in the proof.

(1) We first show that for a fixed ¢ € R, £ — I'(&, p) is non-decreasing. Fix ¢ < £ < wy. Suppose
that T'(§, o) < C' < co. Fix My, Ly € [N] such that

{(My(F), Li(F)) : F e Fep CT(o,C).

By the almost monotone property of the fine Schreier families (or from the fact that F. C F,, if
¢ = wy), there exists | € N such that if | < F' € F;, then F' € F,. Let M(n) = M;(n + () and
L(n) = Li(n+1) for all n € N. Now fix F' € F; and let G = (n+1:n € F). Since G is a spread of
F,Ge F:. Since | < G, G € F¢. Then

(Tr1(n))ner = (Tagy ntt))ner = (Taty(n))nec e (9L1(n)Inec = (9Li(n+1))ner = (9L(n))ner-
Thus
{(M(F),L(F)) : F € F¢} € T(0,0),
and I'(¢, p) < C. Since C > I'(, p) was arbitrary, I'((, o) < I'(§, 0). For the second statement of
(), we note that

['(¢) = sup I'(¢,0) < sup ['(&,0) =T(&).

0€BR 0€BR
(4i) We next show that for each limit ordinal { < wy, I'(§) < rsup,.I'(¢). Assume that £ < w;
is a limit ordinal and sup,_I'(¢) < €' < co. We consider the cases { < w; and § = w;.
First suppose that £ < wy. Let & 1 £ be such that

Fe={F:3k<FeF}

Fix o € Bgr. As noted in Remark B.2] we may select M; D My D ... and Ly, Lo, ... such that for
all k € N,

{(My(F), Lip(F)) - F € Fe, } € T(0,0).
That is, the content of Remark explains how we know that M, ,; may be chosen as a subset of
M,,. For each n € N, we note that M,(n) € N}_; M. Therefore we can choose integers s7,...,s"
such that M, (n) = M, (s?) for each 1 < k < n. For 1 <k < n € N, since the n'* smallest member
of M, cannot occur before the n'* position in M, sy = n for each 1 < k < n. For each n € N, let

L(n) = max{Li(s}), La(s%), ..., L,(s?)} and let M(n) = M,(n). We claim that
{(M(F),L(F)): F e Fe} CT(o,7C).

To see this, fix F' € F¢ and fix k € N such that £ < I’ € F,. Since s} is defined for each £ <n € N
and since k < F, s} is defined for each n € F. Since F, is spreading and since s} > n for each
k<neN,G:=(sp:n¢€F)isaspread of F, and therefore also a member of F;,. Then by r-right
dominance and the properties of My, Ly, and since Li(s}) < L(n) for each n € F,

(ZEM(n))neF = (ZEMn(n))neF = (ﬂka(sg))neF = (IMk(n))neG <c (ng(n))neG = (ng(sg))neF < (gL(n))neF-
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This gives the desired inclusion and completes the £ < w case.
Now suppose that £ = wy. Fix p € Bg. For any ( < wy, there exist M, L, € [N] such that

{(Mc(F), Le(F)) - F e Fep CT(e, O).

The map F; 2 F — (M(F),L(F)) € T(o,C) defines a tree embedding of F; into T'(p, C).
From this it follows that rank(7'(p,C)) > rank(F;) = ¢ + 1. Since this is true for any ¢ < wy,
T(p,C) is ill-founded by Theorem 21l From this it follows that there exist M, L € [N] such that
(M(n), L(n)):_, € T(o,C) for all t € N. Therefore (zr(n))52; <c (9rm))oe;, and

{{M(F),N(F)): FeF,}CT(0C).

Thus I'(w;) < C' < rC, and this completes the £ = w; case.
(#i1) Since
{o}y={(F,F): F e Fy} CT(o,C)

for any C' > 0, I'(0) = 0.
() Fix (,§ < wy. Fix C; > T'(¢) and Cy > T'(§). Fix p € Bg and note that there exist
M, L, € [N] such that

{(My\(F),Ly(F)): F e F:} CT(p,C4).
As noted in Remark 3.2 we can find My € [M;] and Lo such that
{(My(F), Ly(F)) : F € F¢} C T(0,Cs).

For each n € N, we can choose s,, € N such that Msy(n) = M (s,). It follows that s; < sy < ... and
for each n € N, n < s,,. For each n € N, define

Ls(n) = max{Ly(n), Li(s,)}.
Note that for any F' € F; and G € F¢, with Iy = (s, : n € F) € F,

(Taty(n) JneF = (Tany(sn) IneF = (Tan(n) Iner, <0y (9L1(m))ners = (9L (sn) IneF <o (GLs(n) Iner
and
(@aa(m) Jnec Sco (9Lam)Inec S (9Lsm) Inec-
Let
F={GUF:GeF,FecF,G<F}

As shown in [3, Proposition 3.1], F is regular with
rank(F) =  + € + 1 = rank(Fe.¢),
which implies the existence of some P € [N] such that
{P(F):F e Feie} CF.

For each n € N, define M (n) = My(P(n)) and L(n) = L3(P(n)). Fix H € F¢i¢ and scalars (a,)nen-
It follows from our choice of P that P(H) € F, so that P(H) = G U F for some G < F such that
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G € Fe and F € F;. Define (b,)nep(y = (bpm))nen by letting bp(n,y = a,. Then by the preceding
paragraph and the bimonotonicity of (g, )

n=1
1Y anzaemll = |l Z bnas |l 1D bnanoll + 1D bnteass o
neH neP(H neG neFr
< rCy| Z bngLs |l + rC D bngram |
neG neFr
C1 + Cg Z bnng | = T(Cl -+ Cg || Z CLngL(n
neP(H) neH

This shows that
[(M(F), L(F)) : F € Feye} € T(o,n(Cy + C)).
Since C7 > I'(¢) and Cy > I'(§) were arbitrary, we are done.
0

Corollary 3.4. Either {£ < wy : ['(§) = oo} is empty or there exists 0 < v < wy such that
min{é < w; : ['(§) = oo} = w’. Moreover, in the case that {§ < wy : I'(§) = oo} # & and
WY = min{¢ < w; : I'(€) = oo}, sup{l'(§) : £ < W'} = 0.

Proof. Assume @ # {€ < wy : ['(§) = oo}. Let p = min{é < wy : I'(§) = oo}. Note that by
Lemma B3(7), {{ < wy : T'(§) = 0o} = [, wy]. Since I'(0) = 0, pu > 0. If {, & < p, then by Lemma
B3(w), T(C+ &) < r(T(¢) +T'(€)) < oo, and ¢ + & < p. From this and standard properties of
ordinals, there exists v such that ;4 = w?. To complete the first statement, it remains to show that
0 < 7 < w;. Since F; consists of sets of cardinality at most 1, I'(1) < 1, from which it follows that
I'(1) = I'(w’) < 0o, and v > 0. If sup,_,, I'(§) < oo, then by Lemma B3(i) and (i),

oo =I(p) <T(w) =T(wy) <rsup ['(§) < 0,

E<wy

a contradiction. Therefore sup;_,, I'(§) = co. From this it follows that for each n € N, {{ < w; :
I'(¢) > n} is non-empty, and

v :=supmin{{ < w; : I'(§) > n} < w;.

Again by Lemma B3)(4), I'(v) = 00, so w” = pp < ¥ < w;. From this it follows that v < w;.

From Lemma [3.3)(i7),

1 1
o0 =—-o00=-I'(w”) < sup I'(§).
T r E<w

O

The next corollary is what we will use to choose the rows of our array which we combine to
produce a contradiction in our proof of Theorem B.Il We note that the hypotheses (a)-(c) of the
following corollary are the contradiction hypotheses for our eventual proof of Theorem B.1], and, as
we shall see, it is not possible for these three hypotheses to simultaneously hold.

Corollary 3.5. Suppose that for 0 < p < wq,

(a) I'(€) < 0o for all € < u,
(b) T(p) = o0
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(¢c) for each p € R, I'(, 0) < 0.

Then for any D > 0 and any finite subset S of [0, i), there exist € < p, o = (2,)5>, € Br, N € [N],
and C' < oo such that

(i) for any F' € F, and scalars (an)ner, || X oner @nZnll < C|| Y cr angnmll:
(it) for any ¢ € S, F € F¢, and scalars (ap)ner, || 3 ner @nnl < (D) + D) X 0er angnm
(i) for any M, L € [N], there exist F € F¢NJF, and scalars (ay)ner such that || Y, - anTarm)ll >

DH ZnGF TngL(n) H

Proof. By Lemma [B.3[(77), condition (b) yields that there exists & < u such that I'(§) > D. By the
definition of I'(§), there exists ¢ = (y,)22, € Bg such that for any P,Q € [N],

{(P(F),Q(F)) - F e Fey ¢ T(s, D).
Condition (c) yields the existence of some My, Ly € [N] and C' < oo such that
{(Mo(F), Lo(F)) - F € Fu} CT(s,C/r).

If S=0,let K= Myand N = Ly. Otherwise we enumerate S = {&1,...,&} and recursively select
MyD> M, D...> M, €[N]and Ly,...,L; such that for each 1 < i < ¢,

{(Mi(F), Li(F)) : F € Fe.} C T(,T(&) + 1/77).

We recall that we are able to choose M, 1 € [M,], as noted in Remark B2l For each 0 < i < ¢
and n € N, choose s € N such that M;(n) = M;(s!') and note that s > n. For each n € N, let
K(n) = My(n) and

N(n) = max{Lo(sy), L1(s}), ..., Li(si)}

Let 0 = (2,)521 = (Yx(n))ne1 € Br. We now verify that (i), (i), and (i77) are satisfied with this g,
§, N,C. For F € F,, G :=(5))ner € F,. Note that K(F) = My(G), and since (My(G), Ly(G)) €
T(s,C/r) and N(n) > Lo(sy) for all n € N, condition (i) is satisfied. Indeed, fix scalars (an)ner,
let b = a,, for n € F', and observe that

C C
13 il = 1 e | = 13 butminll < =13 busr | = 1S angrogep|

neF neF neG neG neF

< CH Z angN(n)”'

neF

If S =0, (i) is vacuous. If S # @, fix 1 <i < ¢, F € F,, and let G = (s})ner € F¢,. Since
K(F) = M;(G), and since (M;(G), L;(G)) € T(s,T(&) + 1/r?) and N(n) > L;(s?) for all n € N,
condition (i7) is satisfied, analogously to the last part of the previous paragraph.

We now prove (iii). Now fix M, L € [N]|. By the almost monotone property of the fine Schreier
families, there exists [ € N such that | < F' € F¢ implies ' € F,. For each n € N, let Pj(n) =

M(n+1), P(n) = K(Pi(n)), and Q(n) = L(n +1). By our choice of ¢,

{(P(F),Q(F)) - F e Fey ¢ T(s, D).
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From this it follows that there exist G € F¢ and scalars (b,),ee such that || > . buypm|| >
D> cabngomll- Let F = (n+1:n¢eG) e FeNF, Define a,; = b, for each n € G. Then

|| Z AnT M (n) | = || Z Ap+1T M (n+1) | = || Z bnyK Pi(n | = || Z bnyP(n

neF neG neG neG
> DH Z bngQ(n)H = DH Z an-i-lgL(n—l—l)H = DH Z angL(n)H
neG neG neF

O

Proof of Theorem[J 1. Seeking a contradiction, assume ¢ < wj is such that for every o € R,
I'(¢,0) < oo, but I'(¢) = oo. Let g = min{¢ < wy : I'(§) = o} < (. By Lemma B3(i),
['(p, 0) < oo for each p € R. Moreover, by Lemma B3] items (a), (b), and (c¢) of Corollary are
satisfied.

Fix D; > 4! and apply Corollary B5 with D = D; and S = & to find ¢; € Bg, & < pu, Ny € [N],
and C) < oo satisfying ()-(éi7) of Corollary 3.5

Assume constants Dy, ..., D1, Cq,...,Cy_1, sequences 91, ..., 0,1 € Bg, sets Ny,..., N1 €
[N], and ordinals &, ..., &1 < p have been chosen. Fix Dy > 4% such that

k-1

(1) > i+rC < D/?/3
=1
and
2

nax D1/2D1/2 3.9k

Now apply Corollary with D = Dy and S = {&,...,&_1} to obtain a sequence g € Bpg, a
constant Cy, an ordinal & < u, and a set N, € [N] satisfying the conclusion of Corollary This
completes the recursive construction.

For each | € N, let g; = (2},)%° ;. Let

and for each n € N,

o

1
Tn = Z Dl/len‘

=1 l

Note that o = (2,,)32 ;. Here we are using that (R, || - ||g) is a Banach space and

= 1 = 1
;D}/Q <;2l ~1.

By our hypotheses, I'(14, p) < oo. This means there exist 0 < C' < oo and M, Ly € [N] such that
for any F' € F, and scalars (an)ner, || X oncr mnZymll < (C/r)|| 2o ,cr @ndrom)l|- For each n € N,
let

L(n) = max{Lo(n), Ny(M(n)),..., N,(M(n))}
and note that for any F' € F, and scalars (an)ner, || Xoner @nZrm)|l < Cll D ep @ngrwm)l. Now fix
k € N so large that D;/ /3 > C'. By our recursive choices, namely the fact that our choices satisfy



12 M. BRIXEY, R.M. CAUSEY, AND P. FRANKART

Corollary B.5(iii), there exist F' € F¢, N F, and scalars (a,)nep such that || " _pangre| =1 and

132 er @yl > Di.
For | € N, 1f |F| <, let B, = F and F; = @. Otherwise let E; denote the set consisting of

the [ — 1 smallest members of F' and let F} = F'\ E;. It follows from this definition that for each
l € N, I < F;. Note that max,cr |a,| < 1 and || ZneFl angrm)|| < 1 since (gn)52, is normalized and
bimonotone. For any [ € N, since ¢, € Br and max,cr |a,| < 1,

1> anhyyll < 15 max [ay| < I—1.

nek);

Fix [ < k. Note that F; € F,, from which it follows that M (F;) € F,. Furthermore, for any
n € Fy, since [ <n

L(n) = max{Ly(n), Ny(M(n)),..., No,(M(n))} = N (M(n)).
Then by the properties of g,

(@i (myIners = (@ )nens(m) <, (9N ) )nemE) = (IN0im) Iner, <r (9L0) Iner-

Therefore

||Zaan(n SI—1+4 Zan:cM <U+rC ZangL(n <U+1rC.

ner nEFl nEFl

Now fix [ > k. Note that F; € F¢,, from which it follows that M (F;) € F¢,. Furthermore, for
any n € Fj, since [ < n

L(n) = max{Ly(n), Ny(M(n)),..., No,(M(n))} = N, (M(n)).
Then by the properties of o,

(@t Iner = (@h)nen(m) Srren+1/r (I8 m)Inert®) = (GNM@) Iner, Sr (9L Iner -

Therefore using (2),
1> sl SU=1+ 1) anthyll T=14+70T(&) +1/r) Y angrmll < rL(&) +1

nel TLGF[ nEFl

Then, using (1) and (2),

C=CI> angomll = 1> ants|

nelr nel
k—1
> 1/2||Zaan Z 1/2||Zaan ||—Z 1/2||Zaan(n
nelr ner = k—l—l nelr

— L (&)
> D)2 - Zz rre- 30 S
= l

I=k+1

1/2
bS5

1=k+1
> D,/* - D;/2/3 —-D,?/3=D}?/3>C.

This contradiction finishes the proof.
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O

Proof of Theorem[1.3. Since F,,, = [N]<“, the hypothesis that every member of R admits a subse-
quence dominated by a subsequence of (g,,)%, is equivalent to the hypothesis that I'(wy, 0) < 00
for all p € R. By Theorem B.1], I'(w;) < oco. This yields that for any I'(w;) < C, any member of Bg

admits a subsequence C-dominated by a subsequence of (g,)> ;.
O

4. SPREADING MODELS

Let (e,)22; be a sequence in some seminormed vector space. Let us say that that the sequence
(2,)22, in some Banach space X generates the x-spreading model (e,)s>, provided that for any

m

m € N and scalars (a,)"™ ,,

m m
lim ... lim (1) g, | =D anen.
l1—00 I —00 — —t

We say a *-spreading model is a spreading model if the sequence (e, )52

o° , is normalized, basic, and

contained in a normed, rather than just semi-normed, space.

Standard results from Ramsey theory yield that any (z,)5, € - (X) has a subsequence which
generates some x-spreading model. Moreover, any normalized, bimonotone basic sequence has a
subsequence which generates a spreading model, which is also evidently a normalized, bimonotone

basic sequence. It is also well-known that if (e,)22; is a x-spreading model generated by a weakly
null sequence (x,,)52,, and if lim,, ||z, || = 1, then (e, )32, is a spreading model.

Remark 4.1. In all of our examples, the space R will be a subspace of ¢ (X), the space of
weakly null sequences in X, endowed with the norm || - ||z = || - [lec(x). In this case, we define
Ry = {(z,)2, € Br : (Vn € N)(||z,]| = 1)} and note that any x-spreading model generated by a
member of Ry is a spreading model.

In the trivial case in which Ry = &, it must be the case that R C ¢y(X). In this case, every

«-spreading model (e,,)%, generated by a member of R satisfies || >  aye,| = 0 for all m € N
and scalars (a,)r ;. Also, I'(§,0) = 0 for any £ < w; and ¢ € R. Thus all of the conditions in

Theorem are trivially satisfied in this case.

In the case Ry # @, by homogeneity and standard perturbation arguments, the conditions that
['w, 0) < C for every p € Bg and ['(w, 9) < C for every o € Ry are equivalent. Similarly, for a
fixed C' > 0, the hypothesis that for every ¢ > 0, every *-spreading model generated by a member
of Bg is C' +e-dominated by a spreading model generated by a subsequence of (g,)52, is equivalent
to the hypothesis that for every € > 0, every spreading model generated by a member of Ry is

C' + e-dominated by a spreading model generated by a subsequence of (g,)> ;. Therefore in all
examples of interest, our hypotheses stated in terms of B and *-spreading models are equivalent

to hypothesis on members (z,)%; of Bg with ||z,|| =1 for all n € N and spreading models.

If (g,)22, is a normalized, bimonotone, r-right dominant basis, then all spreading models gen-
erated by (¢,)°, are uniformly equivalent. Indeed, if (e,,)%; and (f,)32, are spreading models
generated by (g;,)5, and (g, )2, respectively, we can fix scalars (a,)’, and py < ... < p,, and
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¢1 < ...<@nmsuch that [, | <k, <, foreach 1 <n < m, and such that

m m m
1Y " angiy, 11D g, |~ 11 aneall
n=1 n=1 n=1
and

m n
1 angig, | = 1) anfall-
n=1 m=1

Then

1 m m m
ml > ang, <D ange, | <71 ang,, |-
n=1 n=1 n=1

From this it is easy to see that (e,)22, and (f,)>2, are r’-equivalent.
In [I0], the following theorem was shown.

Theorem 4.2. If every spreading model generated by a normalized, weakly null sequence in X 1is
dominated by the canonical £, basis, then there exists a constant C such that every spreading model
generated by a normalized, weakly null sequence in X is C-dominated by the canonical ¢, basis. The
same holds if we replace £, by cy.

This theorem neither implies nor is implied by Theorem [Tl A proof of Theorem was given
in [I0] to prepare the reader for the more technical proof of Theorem [[Il We note that our proof
of Theorem is essentially a transfinite version of the proof of Theorem [4.2] and therefore offers
a unified approach to Theorems [T and .2 We make precise the connection between our proof of
Theorem [L.3 and our generalization of Theorem [£.2l In what follows, I is still defined as in Section
3.

Theorem 4.3. Let X, R be as in the introduction. Let (g,)22, be a normalized, bimonotone, right
dominant basic sequence and let (e,)°2 be a spreading model generated by a subsequence of (g,)>2 .
The following are equivalent.

[
n=1-"

(i) Every x-spreading model generated by a member of R is dominated by (e,)
(i1) There exists a constant C' such that every x-spreading model generated by a member of By is
C-dominated by (e,)>2 .

(117) T'(w) < o0.

We now give the proof of Theorem [4.3]
Proof. We will show that (ii) = (i) = (ii1) = (i7)
(73) = (i) This is clear.
(i) = (i17) Assume every spreading model generated by a member of R is dominated by (e,,)>2 ;.
Recall that for some ¢, T w,
Fo={F:In< FeF,}

Since F,, consists of sets with cardinality not more than g,, it follows that
Fo={20}U{F: 2@ # F |F| < ¢unr}-

In order to show I'(w) < 0o, by Theorem B}, it suffices to show that for each o € R, I'(w, 0) < 0.
To that end, fix 0 = (2,)02, € R C l-(X). As noted above, a standard application of the finite
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Ramsey Theorem yields the existence of some M € [N] such that for each m € N and each scalar
sequence (a,)m_,, the iterated limit

1 —o0 I —00

lim ... lim || Z )|
n=1

exists. We define a seminorm on cgg, whose natural basis we denote by (f,,)5°

n=1»
m m
I E anfro|| = lim ... lim || E AT ar(1) |
11 —o0 Ly —r00
n=1 n=1

Therefore (zp(n))oe; generates the x-spreading model (f,)s2; with this seminorm. By replacing

by

M with a subset thereof and using a finite net argument and a diagonalization argument, we may

assume that for each m € N, each m <l; < ... <l , and each scalar sequence (a,)", € Byam,

qm>

dm qm
Il > ol = Zanmanm <1

Similarly, since (e,)32, is generated by some subsequence of (g,)5%,
numbers (£,)5%, and L € [N] such that for each m € [N], each m < l; < ... <
(an)i2y € B,

we may choose positive
and each

qm>

qm

I > anenl = | ZangL 5

Since the sequences (e,,)>; and (gn) °, are normahzed and bimonotone, it follows that if &, was

qm
n:l )

|‘<€m

chosen small enough, then for each m € N, m <1[; < ... <[, , and each scalar sequence (a,,)

|| Zanenn 2| ZangL )

Since (i) is assumed to hold, there exists C' such that (f,,)5; <¢ (e,)52,. We claim that
{(M(F),L(F)) : F € Fo} C T(0,1+ 20),

which will show that I'(w, 9) < oo and finish (¢) = (éi7). To that end, fix @ # F € F,, and scalars
(an)ner. By extending F to F'U G for some F' < G and letting a,, = 0 for all n € G and relabeling

if necessary, we can assume that min F' = m and |F| = ¢,,. Write F' = (Iy,...,1,,) and let b, = q,,
for each 1 < n < ¢p,. The case a, = 0 for all n € F is trivial, so assume max,cr |a,| > 0. By
scaling and using homogeneity, we can assume max,ecp |a,| = 1. Since (g,)5, is normalized and
bimonotone,
LD angrmll
ner

Moreover, by the preceding paragraph,

qm
1Y anznmll < T+ bafull < 1+C||Zb enl <14+2CND~ angomll < (1420)] Y angrimll

nekF n=1 neF neFr
This gives the inclusion
{(M(F),L(F)): FeF,} CT(o,1+2C)

and finishes the proof.
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(i13) = (4i) Assume I'(w) < 0o and fix I'(w) < C' < co. Recall that F, is defined by first fixing
some ¢, T w and then letting
Fo={F:In< FeF,}
This is equivalent to saying that a non-empty set F' lies in F,, if and only if |F| < guinr. Now
assume that o = (x,)22, € Br generates the #-spreading model (f,)22,. Fix K, N € [N] such that
{(K(F),N(F)): FeF,} CT(p0C).

We may fix s; < s; < ... such that (gn,))oe, generates some spreading model, (e],)72,. Let

M(n) = K(s,) and L(n) = N(s,). For any ' € F,, G := (s, : n € F) is a spread of F, and
therefore also a member of F,,. From this it follows that (M (F), L(F)) = (K(G),N(G)) € T(p,C).
Fix scalars (a,)_,. Note that for any m <1} < ... <lp, (I1,...,l,) € F,, since

|(llvulm>| :m<Qm <QI1

Note that (zarn))pZ; also generates the x-spreading model (f,)pZ;. Therefore

m m
[ E anfr| = lim ... lim || g anT ()
1 —o0 Iy —r00
n=1 n=1

ll—>oo

<O lim .. Jim | ;angmn)

m
= O wmel
n=1

9]

Since (e,)22, and (€))%, are r-equivalent, (f,)r, <.c (€,)0;.

O

Given X, R, and (g,)5%; satisfying our usual conditions, Theorem [[[3]is equivalent to the state-
ment that if for each p € R, I'(w1,0) < w1, ['(w1) < 0o. Theorem deals with the condition
['(w) < oco. Combined, these two theorems give four conditions:

(1) For every p € R, I'(w, 0) < 0.

(2) For every p € R, I'(wy, ) < 0.

(3) I'w) < oc.

(4) I'wy) < 0.
It is the content of Theorems [[.3] and [LA that (1) < (3) and (2) < (4). As noted in [I0], neither
of Theorems [L.1] implies the other. These do not imply each other, because one can choose
(9)5%; in such a way that I'(w) < oo and I'(wy) = 0.

It follows from Corollary B4 that if w7 < € < W™ T(w?) < oo if and only if T'(§) < oo, so
that I'(w?) < oo and I'(§) < oo are equivalent properties. The previous paragraph states that
the property I'(w') < oo is strictly weaker than the property I'(w*') < co. We may ask about
intermediate values. For example, are the properties I'(w!) < co and I'(w?) < oo equivalent? We
know that the second implies the first by Lemma [3.3(7). The next result shows that the answer to
this question is no. That is, for each 1 < 1,72 < wy with 77 # 7, the fact that

F(wh,p) <ocforall pe R I'(w”) < o0
neither implies nor is implied by

[(w™,0) <ooforall p€ R< I'w™) < 0.
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Proposition 4.4. For any 1 < v < wy, there exist X, R, and (g,)5>, such that
w? = min{¢ : I'(§) = oo}.

Proof. Fix 0 < v < wy. Let X =¥y, R = c{(l2), and let (g,)>°, denote the canonical basis of the
2-convexification X2 of the Schreier space X,. We recall that

|| ZangnHXu - Sup Z |an|

Y ner

1/2
|| Zangnuxm) = sup (Z anl?) "

We note that since rank(F,») = w” + 1 = rank(S,), [3, Proposition 3.1] yields the existence of
some P € [N] such that for any F' € F,», P(F) € S,. From this it follows that for any F' € F .,

| Zangp(n)HXg) = (Z |an|2)1/2.

neF ner

and

For any normalized, weakly null sequence (z,)%; in ¢ and € > 0, there exists M € [N] such that
(Tr(n))oey s (1 + ¢)-equivalent to the canonical £ basis. From this it follows that for any F' € F»
and scalars (a,)ner,
13- anznrnlles < L) (3 lanl®) = (14 )1 3 angpi -
nekl nelr nekl
Therefore I'(w”) < 1.

However, it is known ([I]) that the basis (g,)>, is v + l-weakly null as a basis for X,. This
means that for any @ € [N],

inf{|| ZangQ(n)HXy P e S”“’Z la,| = 1} =0.

neF neFr

From this it follows ['(w*™) = oco. Indeed, let ¢ = (,)°2, denote the canonical ¢, basis and,
again using [3l Proposition 3.1], choose P € [N] such that {P(F) : F' € S,41} C Fo+r. Fix
M,L € [N] and let Q(n) = L(P(n)) for each n € N. Note that there cannot exist C' such that
{(M(F),L(F)): F € F+1} CT(0,C), since then

1 .
=< it { | Y angumlye : F € Favris | anearll = 1}
nel ner
<t Y anginllye : F € S, Y lanl? = 1
neP(F) ner
= inf{” Z angQ(n)ng) Fes i, Z |CLn|2 = 1}
neFr nek
. 1/2
= 1nf{|| ZangQ(n)HX/V D e Sy, Z |an| = 1}
ner nekr

=0.

This yields that I'(w”*!) = co. This gives the proposition in the case that v is a successor ordinal.
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Now fix 1 =1 > 99 > ..., lim, ¥, = 0, a limit ordinal v < wy, and v, T v. Let (g,)52; be the
basis for the completion G of ¢y with respect to the norm

||Zangn||a —supvs sup 3 o).

Svy, ner

Let G® denote the 2-convexification of G, the norm of which is given by

1/2
| Zangnrm =sup 0}/ sup (3 an?)"*
FeSy, nel
For v < 7, if v < 1, again by [3| Proposition 3.1], there exists P € [N] such that for any F' € Fv,
P(F) € S,,. As in the preceding case, we deduce that I'(w”) < 1/ 6y, Tt is known (see [5]) that
the basis (g,)22; is y-weakly null, and we deduce that I'(w?) = oo as in the successor case.
U

5. FREEMAN’S THEOREM

Most of our examples of Theorem [[.3 will be in the case that R = ¢/ (X), the space of weakly
null sequences in X, with || - ||z = || - |lee(x)- By homogeneity, the hypothesis that every member of
Br has a subsequence dominated by a subsequence of (g,)32, is equivalent to the hypothesis that
every normalized, weakly null sequence in X has a subsequence dominated by a subsequence of
(gn)22,. For the moment, we consider this particular choice R = ¢f(X). We note that Theorem [I3]
neither implies nor is implied by Theorem [[.2l However, since the bases of ¢, and ¢, are equivalent
to all their subsequences, Theorem and Theorem [[L3] are both generalizations of Theorem [LTI
In order to motivate Theorem [[.3] we provide several examples of spaces X and non-trivial bases
(gn)52, satisfying Theorem [[.3], but not satisfying Theorem [[.2] for any choice of (v,,)%2; except for
the trivial case that (v,,)%; is equivalent to the canonical ¢; basis.

We recall that for 1 < € < wy, asequence (x,,)22 ; in some Banach space X is called an f?—spreading
model if (x,)52, is bounded and

0< inf{||:c]| L FESer=Y ann, Y las = 1}.
nekF nekF
Given a Banach space X and a natural number [, let

wy(X) = sup inf{||Zanzn|| :ACN,|A|=Z,Z|an| :1}.

(@n)7Z1€Bew (x) neA neA
Of course, w;(X) < 1. By a standard James-type blocking argument, for all I,m € N, w;,,,(X) <
wy(X)w,,(X). From this and further standard arguments, it follows that either w;(X) = 1 for all
I € N or for some 0 < 6, wy(X) = O(I™?%). Furthermore, any Banach space X which admits a weakly
null /}-spreading model satisfies w;(X) = 1 for all [ € N. However, the converse is not true. For
example, the space Xog of Odell and Schlumprecht [I2] which admits no ¢} spreading model is the
completion of ¢oy with respect to the implicitly defined norm

> A%
lellos = max{ llefls, (3 ll2112,) "},
=1
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where
1 i
i, = sup{ 3" tllos < . < I}
logy(n; + 1) ; !

and (n;)2, is a specifically chosen, very fast growing sequence of natural numbers. Here Iz is the
projection of x onto span{e; : i € I'}. This space Xog is reflexive and has no ¢; spreading model.
However, it follows from the definition of the norm that for any £ € N and any normalized block
sequence (z;)*, in Xog, and any scalars (a;)i %,

= 221 |ai|
I ;aﬂinos 2 Togy(nx + 1)
Therefore w,, (Xos) > m for all i+ € N. From this it follows that there cannot exist 0 < 4
such that w;(Xog) = O(17?), and w;(Xos) = 1 for all [ € N.
We now summarize the preceding discussion for later reference, which will be our tool for verifying
that the spaces in our later examples only satisfy the hypothesis of Theorem in the trivial case
in which (v,,)9%, is equivalent to the canonical ¢; basis.

Remark 5.1. Let (v,)5°, be a seminormalized Schauder basis. If X is a Banach space in which
wi(X) = 1 for all [ € N and every normalized, weakly null sequence in X has a subsequence
dominated by (v,)5%,, then (v,)5; is equivalent to the canonical ¢; basis. Indeed, by Theorem [I.2]
there exists a constant C' such that any (zn)ne; € Bew(x) has a subsequence which is C-dominated
by (vn)pZ;- But we can find for each I € N a sequence ()72, € Baw(x) such that for any A with
|A| =1 and scalars (ap)nea with >° 4 lan| =1, (| > ,c4
(Yn)22; of (z,,)5, which is C-dominated by (v,)%, and any scalars (a,)’,_, with Zn L lan] =1,

Since this holds for any [ € N, and since (vn)n:1 is bounded, (v,,)%2; is equivalent to the canonical

anZy|| = 1/2. Then for some subsequence

¢y basis.

Example 5.1. For any regular family F containing all singletons, we define the space Xr to be
the completion of cgg with respect to the norm

lllxr = sup Z 2] = sup [|Fzlle,.

T ner
The canonical ¢gy basis is a normalized, 1-unconditional, and 1-right dominant basis for X». The
1-right dominance is a consequence of the spreading property of F. We also note that the canonical
basis is weakly null, which can be seen by isomorphically embedding Xz into C(F) as f.(F) =
Y nep Gn, Where z = 3" ae,. Then x — f, is an isomorphic embedding of Xz into C(F)
which sends the canonical Xx basis to a bounded, pointwise null sequence in C(F). Therefore the
canonical X basis is weakly null. If rank(F) > w, then some subsequence of the basis of Xr is
an (i-spreading model. Indeed, if rank(F) > w, then for any [ € N, F must contain some F with
|F'| > [. But then by the spreading and hereditary properties of F, F must contain every [-element
set whose minimum is at least max I, since any such set is a subset of a spread of F. Therefore
there exist n; < ny < ... such that if n, < F and |F| < [, then F' € F. From this it follows
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that (e, ), is an isometric /}-spreading model. As noted in Remark 5.1, X7 cannot satisfy any
non-trivial version of Theorem
However, if (z,)52, is any normalized block sequence in Xz, then

(Tn)nzy <1 (Emax SUpp(wn))Zo:l'

Indeed, fix scalars (a,)5, € coo and F' € F such that

S S
1 " anzallx, = 1FD ] antalle,.
n=1 n=1

Now if A = {n : Fz, # 0} and for each n € A, we fix p, € F N supp(x,), then G :=
(max supp(x,,))nea is a spread of (p,)nea C F. Furthermore,

oo oo oo
||annzn||él < Z |an| - ||Gzanemaxsupp(xn)||€1 < || Zanemaxsupp(xn)||X]:~
n=1

nel n=1 n=1
From this and a standard perturbation argument, for any € > 0 and any normalized, weakly
null sequence (z,)>, in Xz, there exists a subsequence of (x,,)>%; which is 1 + e-dominated by a
subsequence of the canonical basis of Xz.

Example 5.2. Let F, G be regular families containing all singletons and let &, { < w; be such that
rank(F) = £ + 1 and rank(G) = ¢ + 1. Assume also that w < £ < (w. From this it follows that
there exists n € N such that & < (n. Let

t
%z{@}U{UE:Fl<...<Ft,®7£F,~€g,t<n}.
i=1

Then rank(H) = (n+ 1 > rank(F). Now by [3, Proposition 3.1], there exists M € [N] such that for
any I € F, M(E) € H. Therefore the basis (e;)52; of X is 1-dominated by (ear(;))i2; C X3, which
is n-dominated by (ear(;))i2; C Xg. Combining this with the previous example, any normalized,
weakly null sequence in X7 has a subsequence which is n 4+ e-dominated by a subsequence of the
Xg basis.

Taking G = S; for some 1 < § < w; and F = H as defined in the preceding paragraph, and
using known facts concerning the repeated averages hierarchy, the constant of n as the infimum of
C such that every normalized, weakly null sequence in X is C-dominated by a subsequence of the
Xg basis is sharp.

We recall that for § < wy, X¢ := Xs, was already introduced in the proof of Proposition 4.4l The
spaces X¢, £ < wy, are the Schreier spaces.

Example 5.3. For 0 < { < w; and 1 < p < 0o, the Baernstein space X¢,, is the completion of ¢y
with respect to the norm

> 1/p
|zlle, = sup{(z ||any\§1) F<F<.. F¢ sg}.
n=1

The spreading property of S¢ and subsymmetry of ¢, yield that the canonical basis of X, is 1-right
dominant. For 0 < &, the basis of X, is a weakly null /{-spreading model, and so X, cannot

o0
n—

satisfy the hypotheses of Theorem except in the trivial case in which (v,,)5° is equivalent to
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the canonical ¢; basis. It was shown in [2] that for any normalized block sequence (z,)°; in
Xepr (Tn)pl1 <4 (gmaxsupp(an))oe1- Therefore any normalized, weakly null sequence in X, has a
subsequence 4 4 e-dominated by a subsequence of the X, basis.

Definition 5.2. Let us say a normalized basis (e,)>2, for a Banach space T is block stable if
for any integers 0 = my < m; < ... and any normalized block sequence (z,)%2; in T such that
supp(xy,) C (Mp—1,my], then (x,)5°, is equivalent to (e, )22 . A standard gliding hump argument
shows that if (e,)>2; is a block stable basis for 7', then there exists a constant B such that for
any integers 0 = my < m; < ... and any normalized block sequence (z,)5°, in 7" such that
supp(z,) C (Mp—1, my), (2,)5, is B-equivalent to (e, )52 ,. Clearly any normalized, weakly null
sequence in 7" has a subsequence B + e-dominated by a subsequence of the basis (e,)5% ;.

Formally speaking, block stability is a property of a given basis of the space T', and not of the
space T itself. However, if T" has a canonical basis, then we shall say T is block stable if its canonical

basis is.

Remark 5.3. None of our preceding examples has been block stable. This is because when
rank(F) > w, Xz admits a copy of ¢y, but the basis admits no subsequence equivalent to the
canonical ¢y basis. Similarly, for 0 < £ < wy, X¢, admits a copy of ¢,, but the basis admits no
subsequence equivalent to the canonical £, basis. Therefore when rank(F) > w and 0 < £ < wy,
every normalized block sequence in either Xr or X., admits a further block sequence which is
dominated by some, but not equivalent to any, subsequence of the basis.

Example 5.4. For 1 < { < w; and 0 < 9 < 1, the Tsirelson space T¢ y is the completion of ¢
with respect to the implicitly defined norm

t
|z = max{”x”co,ﬁsup{z | Lzx|: I <...< I, (minI,)_, € Sg}}.

n=1
The spreading property of S¢ yields that the basis of T¢ y is 1-right dominant. Furthermore, it was
shown in [6] that T} 1 is block stable, and in [11] it was shown that T¢» for any 1 < ¢ < w; and
0 < < 1. An easy duality argument yields that 7, is also block stable. It is easy to see that
every normalized block sequence in Ty  is an ¢} spreadmg model. Indeed, if (z,)%; is a normalized
block sequence in T¢ y and I3 < Iy < ... are intervals such that supp(z,) C I,,, and if FF € §; C &,
then for any scalars (a,)ner,

||Zanxn|| ﬁZHI ZanH ﬂZHan%H —ﬁZ‘an‘

ner el nelr nelr neF

Now block stability implies that every normalized block sequence in T¢y is dominated by (and
actually equivalent to) a subsequence of the basis. Thus the space X = T¢y for 0 < { < wy and
0 < ¥ < 1 with the basis (g,)52, = (e,)52, satisfy Theorem [[.3] but do not satisfy Theorem [[.2 for

any non-trivial (v,,)% ;.

We also note that for any 1 < p < oo, the canonical basis of the p-convexification T, 5(,129) has the

properties of 1- right dominance and block stability, from which it follows that any normalized block

(p)

sequence in T, ¢y is dominated by a subsequence of (e,);2;. In this case, every normalized block

n=1*

sequence in T(ﬁ is dominated by the ¢, basis with constant 1. However, since every subsequence
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of the ng basis is 1-dominated by and not equivalent to the ¢, basis, the property that every
normalized, weakly null sequence in T ) has a subsequence dominated by some subsequence of
the basis of T(ﬁ is a strictly stronger property than the property that every normalized, weakly
null sequence in ng has a subsequence dominated by the canonical £, basis. One can see with this
example that, if (v,,)%; is any seminormalized basis such that any normalized, weakly null sequence
in T ) has a subsequence dominated by (v,)22, (that is, if T(ﬁ and (v,)52, satisfy the hypotheses
of Freeman s theorem), then there exists C' such that || Y07 a,vn = (Do anl?) /p/C' for all
(an)nZy € coo-

We note that every normalized block sequence in T¢ is also dominated by a subsequence of the
basis of T 5. Since the basis of T, is 1-left dominant, any sequence dominated by a subsequence of
the T¢, basis is also dominated by the T¢', basis. The spaces T, were among the examples given
by Freeman to show that Theorem is a genuine extension of Theorem LTI

Example 5.5. It was shown in [5] that if X is a separable Banach space, then the Szlenk index of
X fails to exceed w® if and only if there exists a Banach space GG having Szlenk index not exceeding
w® and having a normalized, 1-unconditional, 1-right dominant basis (g,)2,, a constant C, a
Markushevich basis (z,)5°, for X, and integers 0 = kg < k; < ... such that, with F,, = span{z; :
kn—1 < i <k} such that, for any 0 =7y <7 < ... and (u,)52; € BYy N[0, span{F; : r,—1 < i <
Tnts (Un)eey <o (r,)5. From this it follows that if X is a separable Banach space X with Szlenk
index w¢, then with G as above, every normalized, weakly null sequence in X has a subsequence
If £ =1, then X, being separable with Szlenk index w,

must be p-asymptotically uniformly smoothable for some 1 < p < 00, and every normalized, weakly

dominated by a subsequence of (g,)%2;.
null sequence in X has a subsequence dominated by the ¢, basis. This yields that in the £ = 1 case,
such a space X must satisfy the hypothesis of Theorem [1.2], and in fact Theorem [L.I] for the basis of
some £, space with 1 < p < co. However, for 1 < £ < wy, and € ¢ {w" : 7 is a limit ordinal}, there
is a Banach space X with Szlenk index w® admitting a weakly null /1-spreaidng model. Therefore
for some normalized, bimonotone, 1-right dominant basis (g, )%, for a space G having Szlenk w¢,
R = cy(X) and (g,)52, satisfy the hypotheses of Theorem .3 but X cannot satisfy the hypotheses

of Theorem [L.3] for any non-trivial basis (v,)52 .

Definition 5.4. Given a Banach space X, an ordinal 0 < £ < w;, and a weakly null sequence
(2,)°2, in X, we say (2,,)°2, is &-weakly null if it does not have a subsequence which is an ¢5-
spreading model. Given a sequence (z,)%; and € > 0, we let

Fellea)izy) = {F € N : (3" € By-)(¥n € F)(|a"(wa)| > 2) }.

We note that, as was shown in [5], a given weakly null sequence (z,)52, is {-weakly null if and
only if for any M € [N] and € > 0, there exists N € [M] such that the Cantor-Bendixson index of
To((2,)22,) I N is less than w®.

Proposition 5.5. For 1 < & < wy and {-weakly null sequence (z,)02, C Bx in the Banach space
X, for any e > 0, (z,)32, admits a subsequence which is 1 + 5—d0mmated by a subsequence of the

o0

canonical basis (g,)2>, of the Schreier space Xe.
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Proof. Fix e > 0 and 0 < ¢ < 1 such that (1 — ¢)?(1 +¢) > 1. Using the note at the end of the
definition of £-weakly null, we may apply Theorem to recursively select My D My D ... such
that for each k& € N, either S¢ | My C Sy ((2n)pZy) or Spre((wn)p2;) [ My C Se. Note that the
Cantor-Bendixson index of S¢ | N is w® + 1 for all N € [N], from which it follows that for each
ke N, §pe((2)52,) | M C Se. Otherwise for every N € [M;], the Cantor-Bendixson index of
For ((2,)521) I N would exceed w®, contradicting &-weak nullity of ()5

n=1*

Fix M(1) < M(2) < ... with M(k) € M. For any (a,)5, € cgo, we can fix 2* € Bx~ such that

I3 anaroll = Re a” (3 avren)
n=1 n=1

For each k € N, let

Ay ={k <n:|2"(xmm)| € (¢*, ¢* "]}
and

By={k>n:|z"(xym)| € (6" "}

By our choices above, (M(n)),ep, € Se. Using the fact that the basis of X, is normalized and
1-unconditional,

I anenrnll = Re 2 (3 anear) <D0 3 al
n=1 n=1 k=1

nc€ALUBy
< (1A 1Y angarco )
k=1 n€ By
(0.] o B 1 o
< SIS ontn skt = ol Yl
k=1 n=1 n=1

<+ angarom |l x..

n=1

O

Example 5.6. For 1 < £ < w;, any Banach space X which admits no weakly null Eﬁ-spreading
model (that is, any Banach space with the &-weak Banach-Saks property), has the property that
every normalized, weakly null sequence in X has a subsequence 1 4 e-dominated by the basis of
Xe. This is an immediate consequence of the preceding proposition, once we note that in any such
space, any normalized, weakly null sequence is £-weakly null. The Odell-Schlumprecht space Xog
is 1-weak Banach-Saks, yielding an example of a space having the property that every normalized,
weakly null sequence in Xpg has a subsequence 1 + e-dominated by a subsequence of the X; basis,
but to which Theorem [[.2] does not apply for any non-trivial (v,)52 ;.

Now for a Banach space X and 0 < & < w;, we let cg(X ) denote the space of {-weakly null
sequences in X. Endowed with the £o(X) norm, ¢§(X) is a closed subspace of ¢¥(X), and is
therefore a closed subspace of fo(X). To see that ¢§(X) is closed, we simply observe that its

complement in ¢¥(X) is open. To see this, note that if (z,)22, € ¢¥(X) \ ¢§(X), there exist € > 0
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and M € [N] such that

2e < inf{|| D tnrnml  F €86, lan| = 1}-

neF nekF

By the triangle inequality, if (y,)n2; € i (X) is such that ||(y,)52; — (22)52 |le(x) < €, then

e < inf{n S gl F €86,y lao = 1},
nekr nel
and (y,)72, € & (X) \ 5(X).
It follows immediately from Definition 5.4 that if R = ¢§(X) and || - ||z = || - |t (x), then R
satisfies all of the requirements stated in the introduction required for Theorem to apply.

Example 5.7. The details of this example can be found in [4], wherein a detailed study of weak
nullity of sequences in X, was undertaken. Fix 0 < { < w; and let § = w™ 4+ W™ 4 ... 4+ w1,
where [ € N and ¢y > ... > ;1. Note that if [ = 1, £ = w®. It is known, by utilizing the Cantor
normal form of &, that £ admits such a representation. Furthermore, this representation is unique.
For 0 <7 <[, let

A = w0 4w
and

pi =W 4wt

where A\g = p; = 0 by convention. Note that for each 0 < ¢ < I, \; + p; = £ In particular,

Alzipoiig.

It was shown in [4] that if (x,,)7°, is any seminormalized, weakly null sequence in X¢, then there
exists a unique 0 < ¢ < [ such that (x,,)22, is p; + 1-weakly null and admits a subsequence equivalent
to some subsequence of the canonical basis of X ,,. Since the basis of X,,, and all of its subsegences,

are (7" spreading models, the latter condition means that the sequence ()32 ; is not p;-weakly null.

o0
n=

This yields that for any seminormalized, weakly null sequence (x,)>; in X¢, there exists a unique
0 < i < [ such that (z,)%2, is p; + 1-weakly null and not p;-weakly null. Furthermore, for each
0 <@ < [, there exists a normalized, weakly null sequence (z,,)72; in X, equivalent to a subsequence
of the X, basis. From this it follows that the hierarchy of weakly null sequences in X is completely

given in the list
_ RS _
co(Xe) G p(X) = f ™ (Xe) = ¢ (Xe) G g (Xeg) = cf *(Xe) © -
C T (Xe) = ¢§(Xe) © of" (Xe) = 57 (Xe) = o (Xe).

For 0 < 7 < I, let (g5)%, denote the canonical basis of X,,. Then (g’)5°, is normalized,
l-unconditional, and 1-right dominant. Furthermore, with R = cOiH(Xg), every member of R

o0

o ;. Therefore there exists a constant

admits a subsequence dominated by a subsequence of (g)

C such that any member of B p;+1 X¢) has a subsequence C-dominated by a subsequence of
0

‘ (Xs)(
(92)22,. Furthermore, any member (z,)3%, of ¢f"™ (X¢) \ ¢f (X¢) has a subsequence equivalent to
the canonical X, basis. If ¢ < [, (2,)52, has a subsequence which is an ¢j-spreading model, and
therefore cannot satisfy the hypotheses of Theorem [[.2] except in the trivial case in which (v,)52,

is equivalent to the canonical £; basis. Still under the condition i < I, (2,)5%, € i ™ (X¢) \ ¢ (Xe)
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oo

has a subsequence equivalent to a subsequence of (¢*),,

and this subsequence does not admit any
further subsequence dominated by a subsequence of (g7)°, for any i < j < [.

REFERENCES

[1] S. A. Argyros, S. Mercourakis, A. Tsarpalias, Convez unconditionality and summability of
weakly null sequences, Israel J. Math. 107:157-193, 1998.

[2] R.M. Causey, Estimation of the Szlenk index of reflexive Banach spaces using generalized
Baernstein spaces, Fund. Math., 228:153-171, 2015.

[3] R.M. Causey, Concerning the Szlenk index, Studia Math., 236:201-244, 2017.

[4] R.M. Causey, The &, (-Dunford-Pettis Property, submitted.

[5] R.M. Causey, K. Navoyan, Factorization of Asplund operators, J. Math. Anal. Appl., DOI
10.1016/j.jmaa.2019.06.081.

[6] P. G. Casazza, W. B. Johnson, and L. Tzafriri, On Tsirelson’s space, Israel J. Math., 47(2-
3):81-98, 1984.

[7] D. Freeman, Weakly null sequences with upper estimates, Studia Math., 184(1): 79-102, 2008.

[8] I. Gasparis, A dichotomy theorem for subsets of the power subsets of the power set of the natural
numbers, Proc. Amer. Math. Soc., 129:759-764, 2001.

[9] H. Knaust and E. Odell, On cy-sequences in Banach spaces, Isreal J. Math. 67:153-169, 1989.

[10] H. Knaust and E. Odell, Weakly null sequences with upper ¢, estimates, pp.85-107, in: “Func-
tional Analysis, Proceedings, The University of Texas at Austin, 1987-89,” E. Odell, H. Rosen-
thal (eds.), Lecture Notes in Mathematics 1470, Springer-Verlag, Berlin 1991.

[11] D. H. Leung and W.K. Tang, The Bourgain {;-index of mized Tsirelson space, J. Funct. Anal.,
199(2):301-331, 2003.

[12] E. Odell, T. Schlumprecht, On the richness of the set of p’s in Krivine’s theorem, Geometric
aspects of functional analysis (Israel, 1992-1994), volume 77 of Oper. Theory Adv. Appl., 177-
198. Birkh&user, Basel, (1995).

[13] B. S. Tsirelson, Not every Banach space contains £, or ¢y, Funct. Anal. Appl., 8:138-141, 1974

DEPARTMENT OF MATHEMATICS, MIAMI UNIVERSITY, OXFORD, OH 45056, USA
E-mail address: brixeym@miamioh.edu

DEPARTMENT OF MATHEMATICS, MIAMI UNIVERSITY, OXFORD, OH 45056, USA

E-mail address: causeyrm@miamioh.edu

DEPARTMENT OF MATHEMATICS, M1aMI UNIVERSITY, OXFORD, OH 45056, USA

E-mail address: frankapa@miamioh.edu



	1. Introduction
	2. Preliminaries
	3. Proof of Main Theorem
	4. Spreading models
	5. Freeman's theorem
	References

